
 

MATH 2028 Differential Forms

Goal Define differential k forms in IR the

exterior derivative and their basic properties

Recall Givenlinearly independent f vi Vz vn E B

aetfiik.vn i sii I
n vectors n dimensional
in IR parallelopipe

How to find the signed volume of a k din

parallelopipe in B

Multi linear Algebra
jthcoordinate

B Standard basis is
where Ei O 0 12,0 o

a fei en
adual
dual

T

Dnf dual basis set dxitej Sig
dx dXn

a
Kronecker
delta



Any linear functional 01 s R IR has the form

Of A DX 1 Az dx t a t and xn

We generalize this to multi linear functions

Given 1 E I c iz c c ite E n we define
Kcopies

dXi nd Xian nd Xi R x x R IR

as dXi n dXi n s dxia Vi Vz Vic

at if

Uk

which is a k linear alternating map on LR

FACT f dXi nd Xian ndXia
IE I c iz C c Ik En

forms a basis of the vector space of k linear

alternating maps on B denoted by Ak Bn

Hence

dim Nik's k ni I



Eg n 3 k 2 A basis for NLRB is givenby

f da nd Xz DX A DX3 dx andXs

Wedge Product

The following notion of wedge product A

generalizes the cross product of vectors in B 3

dXi nd Xian n dxia n dxjindxjzn.mndXje

dXi nd Xian s dxikrdxjindxjzn.mn dXje

Remember that f
d i dXi o

alternating dXindxj dig rdx

Extending linearly we get a bilinear map

1 Nh Rh x ne Rn nhteir
6 6

W y way
which is skew commutative

W y 1 key r w

and associative Wn 7 not w r 2 4



EI w A DX 1 Az dxz

I bi dx b d

in A C

W r y 9 DX t ar dxz n bid x c be dxz

a b dx in dx ta b dx n dXz
ameupto asign O

t ar b da r dx t Azbz dxzndXz

dx

ndxzdetfa.az
Differential Forms on A

Notation Ie Li ir Ik increasing k tuple

A differential k form on LR is an expression

w I f I dxi n nd Xi
I _til Ik

Where f I are smooth functions on subset of B

EI O forms are just functions

1 forms W f dx n r tu din



h forms W f DX n n DX n

Remark We can take wedge product of differentia

forms pointwise as before More importantly we

have a way to differentiate differential forms

Notation Hk u f differential
k forms

on U E Rn

DEI There exists an exterior derivative

d Ah cu s Art u

sat I d is linear

2 d wry d w n y t C 1 Kw n dy
where w C Aku M C Ahu

3 d do d O

n
4 If I 2 dx i f function f

i 4

Examples 1 off fix DX t f IR R

Z w y DX t X dy C A'CIR

dw d yd x d Cxdy dy nd x t d x nd y O












